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Abstract
In this work we show that the most general class of anti-unitary
operators are nonphysical in nature through the existence of incom-
parable pure bipartite entangled states. It is also shown that a large
class of inner-product-preserving operations defined only on the three
qubits having spin-directions along x, y and z are impossible. If we
perform such an operation locally on a particular pure bipartite state
then it will exactly transform to another pure bipartite state that is
incomparable with the original one. As subcases of the above results
we find the nonphysical nature of universal exact flipping operation
and existence of universal Hadamard gate. Beyond the information
conservation in terms of entanglement, this work shows how an im-
possible local operation evolve with the joint system in a nonphysical
way.
Keywords: Incomparability, LOCC, Entanglement.
1 Introduction
Quantum systems allow physical operations to perform some tasks that seems
to be impossible in classical domain [1, 2, 3]. However with the nature of the
operations performed it restricts correctness or exact behavior of the opera-
tions to act for the whole class of states of the quantum system. Possibilities
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or impossibilities of various kind of such operations acting on some specified
system is then one of the basic tasks of quantum information processing.
In case of cloning and deleting the input states must be orthogonal to each
other for the exactness of the operation performed [4, 5, 6, 7, 8]. Rather if the
operation considered is spin-flipping [9, 10, 11] or Hadamard type then the
input set of states enhanced to a great circle of the Bloch sphere [12, 13, 14].
It indicates that any angle preserving operation has some restriction on the
allowable input set of states. The unitary nature of all physical evolution [15]
raised the question that whether the non-physical nature of the anti-unitary
operations is a natural constraint over the system or not. In other words,
it is nice to show how an impossible operation like anti-unitary, evolve with
the physical systems concerned.
First part of this paper concerns with a connection between general anti-
unitary operations and evolution of a joint system through local operations
together with classical communications, in short LOCC. Some constraint over
the system are always imposed by the condition that the system is evolved
under LOCC. For example, performing any kind of LOCC on a joint system
shared between distinct parties, the amount of entanglement between some
spatially separated subsystems can not be increased. If we further assume
that the concerned system is pure bipartite, then by Nielsen’s criteria [16, 17]
it is possible to determine whether a pure bipartite state can be transformed
to another pure bipartite state with certainty by LOCC or not. Consequently
we find that there are pairs of pure bipartite states, denoted by incomparable
states which are not interconvertible under LOCC with certainty. The exis-
tence of such class of states prove that the amount of entanglement does not
always determine the possibility of exact transformation of a joint system by
applying LOCC. Now we first pose the problem that would be discussed in
this paper.
Suppose ρABCD... be a state shared between distinct parties situated at
distant locations. They are allowed to do local operations on their subsys-
tems and also they may communicate any amount of classical information
among themselves. But they do not know whether their local operations are
valid physical operations or not. By valid physical operation we mean a com-
pletely positive map (may be trace-preserving or not) acting on the physical
system. Sometimes an operation is confusing in the sense that it works as
a valid physical operation for a certain class of states but not as a whole.
Therefore they want to judge their local operations using quantum formalism
or other physical principles, may be along with quantum formalism or may
not be. No-signalling, non-increase of entanglement by LOCC are some of
the good detectors of nonphysical operations [18, 19, 20, 21, 22, 23]. In this
paper we want to establish another good detector for a large number of non-
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physical operations. The existence of incomparable states enables us to find
that detector. Suppose LA ⊗ LB ⊗ LC ⊗ LD ⊗ · · · be an operation acting on
the physical system represented by ρABCD... and ρ
′
ABCD... be the transformed
state. Now it is known that the states ρABCD... and ρ
′
ABCD... are incomparable
by the action of any deterministic LOCC, then we could certainly say that at
least one of the operations LA, LB, LC , LD, · · · are nonphysical. Therefore if
somehow we find two states that are incomparable and by an operation act-
ing on any party (or a number of parties) one state is transformed to another
then we certainly claim that the operation is a nonphysical one. We find
several classes of nonphysical operations through this procedure and it is our
main motivation in this work. The paper is organized as follows: in section 2
we describe what we actually mean by a physical operation and its relation
with LOCC. In section 3 we describe the notion of incomparability for pure
bipartite entangled states. In section 4 we show the nonphysical nature of
the most general class of universal exact anti-unitary operators through the
impossibility of inter-converting two incomparable states by deterministic
LOCC. Lastly, in section 5 we show a large class of inner-product preserving
operations are also non physical in nature, including the Hadamard opera-
tion. As a subcase of the above operations we reproduce the nonexistence of
exact universal flipping machine [26]. In all the above cases we have tried to
use minimum number of qubits (only on three spin directions along x, y, z)
and the quantum system considered as simple as possible. Also the states
considered here to prove the impossibilities are pure entangled states.
2 Physical Operations and LOCC
In this section we first describe the notion of a physical operation in the
sense of Kraus [15]. Suppose a physical system is described by a state ρ. By
a physical operation on ρ we mean a completely positive map E acting on
the system and described by
E(ρ) =∑
k
AkρA
†
k (1)
where each Ak is positive linear operator that satisfies the relation
∑
k A
†
kAk ≤
I. If
∑
k A
†
kAk = I, then the operation is trace preserving. When the state is
shared between a number of parties, say, A, B, C, D,. .... and each Ak has the
form Ak = L
A
k ⊗LBk ⊗LCk ⊗LDk ⊗· · · with all the LAk , LBk , LCk , LDk , · · · are linear
positive operators, the operator is then called a separable superoperator. In
this context we would like to mention an interesting result concerned with
LOCC. Every LOCC is a separable superoperator but it is unknown to us
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whether the converse is also true or not. It is further affirmed that there are
separable superoperators which cannot be expressed by finite LOCC [24].
Now if a physical system evolved under LOCC (may be deterministic or
stochastic) then quantum mechanics does not allow the system to behave
arbitrarily. More precisely, under the action of any LOCC one could find
some fundamental constraints over any entangled system. The content of
entanglement will not increase under LOCC. This is usually known as the
principle of non-increase of entanglement under LOCC. Further for any closed
system as unitarity is the only possible evolution, the constraint is then:
the entanglement content will not change under LOCC. So if we find some
violation of these principles under the action of any local operation, then
we certainly claim that the operation is not a physical one. No-cloning, no-
deleting, no-flipping, all those theorems are already established with these
principles, basically with the principles of non-increase of entanglement [22,
23]. These kind of proof for those important no-go theorems will always give
us a more powerful physically intuitive approaches for quantum information
processing apart from the mathematical proofs that the dynamics should
be linear as well as unitary. Linearity and unitarity are the building blocks
of every physical operation [15, 25]. But within the quantum formalism we
always search for better physical situations that are more useful and intuitive
for quantum information processing. Existence of incomparable states in
pure bipartite entangled systems allow us to use it as a new detector. We have
already proved three impossibilities, viz., exact universal cloning, deleting
and flipping operations by the existence of incomparable states under LOCC
[26, 27] and we would provide some further classes of nonphysical operations
in this paper.
3 Notion of Incomparability
To present our work we need to define the condition for a pair of states
to be incomparable with each other. The notion of incomparability of a
pair of bipartite pure states directly follows from the necessary and suf-
ficient condition for conversion of a pure bipartite entangled state to an-
other by deterministic LOCC, i.e., with probability one. It is prescribed
by M. A. Nielsen [16, 17]. Suppose we want to convert the pure bipar-
tite state |Ψ〉 of d × d system to another state |Φ〉 shared between two
parties, say, Alice and Bob by deterministic LOCC. Consider |Ψ〉, |Φ〉 in
their Schmidt bases {|iA〉, |iB〉} with decreasing order of Schmidt coefficients:
|Ψ〉 = ∑di=1√αi|iAiB〉, |Φ〉 = ∑di=1√βi|iAiB〉, where αi ≥ αi+1 ≥ 0 and
βi ≥ βi+1 ≥ 0, for i = 1, 2, · · · , d−1, and∑di=1 αi = 1 = ∑di=1 βi. The Schmidt
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vectors corresponding to the states |Ψ〉 and |Φ〉 are λΨ ≡ (α1, α2, · · · , αd),
λΦ ≡ (β1, β2, · · · , βd). Then Nielsen’s criterion says |Ψ〉 → |Φ〉 is possible
with certainty under LOCC if and only if λΨ is majorized by λΦ, denoted by
λΨ ≺ λΦ and described as,∑k
i=1 αi ≤
∑k
i=1 βi ∀ k = 1, 2, · · · , d (2)
It is interesting to note that however majorization [28] criteria is an algebraic
tool, it shows great applicability in different context of quantum information
processing [29, 30, 31, 32]. Now, as a consequence of non-increase of en-
tanglement by LOCC, if |Ψ〉 → |Φ〉 is possible under LOCC with certainty,
then E(|Ψ〉) ≥ E(|Φ〉) [where E(·) denote the von-Neumann entropy of the
reduced density operator of any subsystem and known as the entropy of
entanglement]. If the above criterion (2) does not hold, then it is usually
denoted by |Ψ〉 6→ |Φ〉. Though it may happen that |Φ〉 → |Ψ〉 under LOCC.
If it happens that |Ψ〉 6→ |Φ〉 and |Φ〉 6→ |Ψ〉 then we denote it as |Ψ〉 6↔ |Φ〉
and describe (|Ψ〉, |Φ〉) as a pair of incomparable states [16, 33]. One of the
peculiar feature of such incomparable pairs is that we are unable to say that
which state has a greater amount of entanglement content than the other.
Also for 2 × 2 systems there are no pair of pure entangled states which are
incomparable to each other. For our purpose, we now explicitly mention the
criterion of incomparability for a pair of pure entangled states |Ψ〉, |Φ〉 of
m × n system where min{m,n} = 3. Suppose the Schmidt vectors corre-
sponding to the two states are (a1, a2, a3) and (b1, b2, b3) respectively, where
a1 > a2 > a3 , b1 > b2 > b3 , a1+ a2+ a3 = 1 = b1+ b2+ b3. In this case the
condition for the pair of states |Ψ〉, |Φ〉 to be are incomparable to each other
can be written in the simplified form that
either, a1 > b1 and a3 > b3
or, a1 < b1 and a3 < b3
(3)
must hold simultaneously.
4 Incomparability as a Detector for Anti-Unitary
Operators
The general class of anti-unitary operations can be defined in the form, Γ =
CU ; where C is the conjugation operation and U be the most general type
of unitary operation on a qubit, in the form
U =
(
cos θ eiα sin θ
−eiβ sin θ ei(α+β) cos θ
)
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Let us consider three qubit states with the spin-directions along x, y, z
as,
|0x〉 = |0〉+ |1〉√
2
, |0y〉 = |0〉+ i|1〉√
2
, |0z〉 = |0〉
The action of the operator Γ on these three states can be described as,
Γ|0x〉 = ( cos θ+e−iα sin θ√2 )|0〉+ e−iβ( e
−iα cos θ−sin θ√
2
)|1〉,
Γ|0y〉 = ( cos θ−ie−iα sin θ√2 )|0〉 − e−iβ( ie
−iα cos θ+sin θ√
2
)|1〉,
Γ|0z〉 = cos θ|0〉 − e−iβ sin θ|1〉
(4)
To prove that this operation Γ is nonphysical and its existence leads to
an impossibility, we choose a particular pure bipartite state |χi〉AB shared
between two spatially separated parties Alice and Bob in the form,
|χi〉AB = 1√3{|0〉A|0z〉B|0z〉B + |1〉A|0x〉B|0y〉B
+ |2〉A|0y〉B|0x〉B} (5)
The impossibility we want to show here is that by the action of Γ locally
we are able to convert a pair of incomparable states deterministically. Now to
show incomparability between a pair of pure bipartite states, the minimum
Schmidt rank we require is three. So the joint state we consider above is a
3 × 4 state where Alice has a qutrit and Bob has two qubits. The initial
reduced density matrix of Alice’s side is then,
ρiA =
1
3
{P [|0〉] + P [|1〉] + P [|2〉] + 1
2
(|0〉〈1|+ |1〉〈0|
+ |0〉〈2|+ |2〉〈0|+ |1〉〈2|+ |2〉〈1|)} (6)
The Schmidt vector corresponding to the initial state |χi〉AB is (23 , 16 , 16).
Assuming that Bob operates Γ on one of the two qubits, say the last one in
his subsystem, the joint state shared between Alice and Bob will transform
to
|χf〉AB = 1√3{|0〉A|0z〉BΓ(|0z〉B) + |1〉A|0x〉BΓ(|0y〉B)
+ |2〉A|0y〉BΓ(|0x〉B)} (7)
Tracing out Bob’s subsystem we again consider the reduced density ma-
trix of Alice’s subsystem. The final reduced density matrix is
ρfA =
1
3
{P [|0〉] + P [|1〉] + P [|2〉] + 1
2
(|0〉〈1|+ |1〉〈0|
+ |0〉〈2|+ |2〉〈0| − i|1〉〈2|+ i|2〉〈1|)} (8)
The Schmidt vector corresponding to the final state |χf〉AB is (13+ 12√3 , 13 ,
1
3
− 1
2
√
3
). Interestingly, the Schmidt vector of the final state does not con-
tain the arbitrary parameters of the anti-unitary operator Γ. It is now
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easy to check that the final and initial Schmidt vectors are incomparable
as, 2
3
> 1
3
+ 1
2
√
3
> 1
3
> 1
6
> 1
3
− 1
2
√
3
. Thus we have, |χi〉 6↔ |χf〉 so that
the transformation of the pure bipartite state |χi〉 to |χf 〉 by LOCC with
certainty is not possible following Nielsen’s criteria. Though by applying the
anti-unitary operator Γ on Bob’s local system the transformation |χi〉 → |χf〉
is performed exactly. This impossibility emerges out of the impossible op-
eration Γ which we have assumed to be exist and apply it to generate the
impossible transformation. Thus we have observed the nonphysical nature
of any anti-unitary operator Γ through our detection process. As a partic-
ular case one may verify the non-existence of exact universal flipper by our
method ( choose, θ = pi/2, α = 0, β = 0).
If instead of operating Γ = CU we will operate only U, i.e., the general
unitary operator, the initial and final density matrices of one side will be seen
to be identical, implying that there is not even a violation of No-Signalling
principle. This is true as we only operate the unitary operator on any qubit
not restricting on any particular choices, such as they will act isotropically
for all the qubits, etc. Thus it can not even used to send a signal here.
5 Inner Product Preserving Operations
In this section we relate the impossibility of some inner product preserving
operations defined only on the minimum number of qubits |0x〉, |0y〉, |0z〉.
Here we consider the existence of the operation defined on these three qubits
in the following manner,
|0z〉 −→ (α|0z〉+ β|1z〉),
|0x〉 −→ (α|0x〉+ β|1x〉),
|0y〉 −→ (α|0y〉+ β|1y〉),
(9)
where |α|2 + |β|2 = 1.
This operation exactly transforms the input qubit into an arbitrary super-
position on the input qubit with its orthogonal one. To verify the possibility
or impossibility of existence of this operation we consider a pure bipartite
state shared between Alice and Bob:
|Πi〉AB = 1√3{|0〉A(|0z〉|0z〉)B + |1〉A(|0x〉|0x〉)B
+ |2〉A(|0y〉|0y〉)B} (10)
Reduced density matrix of Alice’s side will be of the form,
ρiA =
1
3
{P [|0〉] + P [|1〉] + P [|2〉] + 1
2
(|0〉〈1|+ |1〉〈0|
+ |0〉〈2|+ |2〉〈0| − i|1〉〈2|+ i|2〉〈1|)} (11)
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The Schmidt vector corresponding to the initial joint state |χf〉AB is
(1
3
+ 1
2
√
3
, 1
3
, 1
3
− 1
2
√
3
). If Bob has a machine which operates on the three
input qubits |0x〉, |0y〉, |0z〉 as defined in equation (9) and he operates that
machine on his local system (say, on the last qubit). Then the joint state
between Alice and Bob will evolve as,
|Πf〉AB = 1√3{|0〉A|0z〉B(α|0z〉+ β|1z〉)B + |1〉A|0x〉B
(α|0x〉+ β|1x〉)B + |2〉A|0y〉B(α|0y〉+ β|1y〉)B} (12)
Final reduced density matrix of Alice’s side will be of the form,
ρfA =
1
3
{P [|0〉] + P [|1〉] + P [|2〉] + p(|0〉〈1|+ |1〉〈0|)
+ q|0〉〈2|+ q|2〉〈0|+ r|1〉〈2|+ r|2〉〈1|)} (13)
where p = 1
2
{|α|2 − |β|2 + α β + β α}, q = 1
2
{|α|2 + i|β|2 + α β − iβ α}
and r = 1
2
{α β + β α− i}.
The eigenvalue equation turns out to be,
x3 − (pp+ qq + rr)x+ prq + prq = 0,
where we denote 1− 3λ = x.
To compare the initial and final state we have to check whether the initial
and final eigenvalues will satisfy either of the relations of equation (3). We
rewrite, the above eigenvalue equation as
x3 − 3Ax+B = 0 (14)
with, A = 1
3
(pp+ qq+ rr) ≥ 0 and B = prq+ prq. The eigenvalues can then
be written as {λ1 ≡ 13 [1 − 2
√
A cos(2pi
3
+ θ)], λ2 ≡ 13 [1 − 2
√
A cos θ], λ3 ≡
1
3
[1 − 2√A cos(2pi
3
− θ)]} where cos 3θ = −B
2
√
A3
. We discuss the matter case
by case (for details, see Appendix A).
Case-1 : For B < 0, we see an incomparability between the initial and
final joint states if A = 1
4
. In case A < 1
4
we observe that either there is
an incomparability between the initial and final states or the entanglement
content of the final state is larger than that of the initial states. Lastly if
A > 1
4
we also see a case of incomparability if the condition 2
√
A cos(2pi
3
+
θ) > −
√
3
2
holds. Numerical searches support that for real values of (α, β)
incomparability is seen almost everywhere in this region.
Case-2 : For B = 0, we found that there do not arise a case of incompa-
rability. It is also seen that there is always an increase of entanglement by
LOCC if A < 1
4
, which is the only possibility for real values of α, β.
Case-3 : For B > 0 we also get a similar result like Case-1. Only the
condition for incomparability in case A > 1
4
if changed to the form that
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2
√
A cosϕ <
√
3
2
where ϕ = min{θ, (2pi
3
− θ)} ∈ (pi
6
, pi
3
). It must be noted
that for real values of α, β this subcase do not arise at all.
In particular if we check the values of α, β be such that they represents the
operations flipping(i.e., α = 0) and Hadamard(i.e., α = β = 1√
2
) respectively,
we find from the above that in both the cases the initial and final states are
incomparable.
Thus we get almost in all cases some kind of violation of physical laws
implying that the kind of inner product preserving operations defined on only
three states is nonphysical in nature and we observe for a large class of such
inner-product-preserving operation incomparability senses.
To conclude this work proves a close relation between anti-unitary opera-
tors and the existence of incomparable states. Incomparability shows it is also
able to detect nonphysical operations like Hadamard and some other inner-
product preserving operations. This work also shows an interplay between
LOCC, nonphysical operations and the entanglement behavior of quantum
systems.
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Case-1 : B < 0 This implies 3θ ∈ [0, pi
2
)
⋃
(3pi
2
, 2pi]. We analyze this in
two section.
If 3θ ∈ [0, pi
2
) we have,
√
3
2
< cos θ ≤ 1 ⇒ λ2 ∈ [13(1 − 2
√
A), 1
3
(1 −√
3A)). Again 0 ≤ θ < pi
6
⇒ −
√
3
2
< cos(2pi
3
+ θ) ≤ −1
2
⇒ λ1 ∈ [13(1 +√
A), 1
3
(1 +
√
3A)). Finally, 0 ≤ θ < pi
6
⇒ cos(2pi
3
− θ) ∈ [−1
2
, 0) ⇒
λ3 ∈ (13 , 13(1 +
√
A)].
Otherwise 3θ ∈ (3pi
2
, 2pi], i.e., θ ∈ (pi
2
, 2pi
3
], we have, λ3 ∈ [13(1 −
2
√
A), 1
3
(1−√3A)), λ2 ∈ [13(1+
√
A), 1
3
(1+
√
3A)) and λ1 ∈ (13 , 13(1+
√
A)].
Thus in both the cases λfMAX ∈ [13(1 +
√
A), 1
3
(1 +
√
3A)) and
λfMIN ∈ [13(1− 2
√
A), 1
3
(1−√3A)).
For A = 1
4
we observe that λfMIN ∈ [0, 13(1−
√
3
2
)) < λiMIN and λ
f
MAX ∈
[1
2
, 1
3
(1+
√
3
2
)) < λiMAX which implies that |Πi〉AB , |Πf〉AB are incomparable.
If A < 1
4
then λfMAX ≤ λiMAX . So, in case λfMIN ≤ λiMIN the states
|Πi〉AB , |Πf〉AB are incomparable, otherwise we have λfMIN ≥ λiMIN then
E(|Πi〉AB) < E(|Πf〉AB). For real values of α, β we can express A,B as
A = 1
4
+ 1
6
[2α2β2 + 3αβ(α2 − β2)]
B = β
4
(α2 − β2 + 2αβ)[α(2α2 + 1) + β(α2 − β2)] (15)
Numerical evidences support that for real α, β most of the cases show in-
comparability between |Πi〉AB , |Πf〉AB.
Lastly if A ≥ 1
4
then λiMAX < λ
f
MAX . Thus incomparability between
|Πi〉AB , |Πf〉AB will hold if λiMIN < λfMIN . For this we get the condition
that 2
√
A cos φ <
√
3
2
where φ = min{θ, 2pi
3
− θ} ∈ (pi
6
, pi
3
). For real values
of α, β from equation(A.1), we see A > 1
4
implies B > 0. Thus for real α, β
this subcase do not arises.
Case-2 : B = 0. Here the final eigenvalues are {1
3
(1 +
√
3A), 1
3
, 1
3
(1 −√
3A)}. Thus, E(|Πi〉AB) ≥ E(|Πf〉AB) if A ≥ 14 . Incomparability between
the initial and final joint states |Πi〉AB , |Πf〉AB will not occur in this case.
Hence for all values of α, β for which A < 1
4
there is an increase of en-
tanglement by applying the local operation defined in equation(9) in Bob’s
system. This impossibility indicate the impossibility of the operation defined
in (9) for those values of α, β which satisfy A < 1
4
. And for real values of
α, β, in all possibilities for B = 0 we have A < 1
4
. This case always shows
an increase of entanglement.
Case-3 : B > 0. Here 3θ ∈ (pi
2
, 3pi
2
)⇒ θ ∈ (pi
6
, pi
2
) ⇒ cos θ ∈ (
√
3
2
, 0)⇒
λ2 ∈ (13(1−
√
3A), 1
3
). Again θ ∈ (pi
6
, pi
2
)⇒ cos(2pi
3
+ θ) ∈ (−1,−
√
3
2
)⇒ λ1 ∈
(1
3
(1 +
√
3A) , 1
3
(1 + 2
√
A)). Lastly, θ ∈ (pi
6
, pi
2
) ⇒ cos(2pi
3
− θ) ∈ (0,
√
3
2
) ⇒
λ3 ∈ (13(1−
√
3A), 1
3
).
Hence in this case λfMAX ∈ (13(1 +
√
3A), 1
3
(1 + 2
√
A)) and λfMIN ∈
(1
3
(1−√3A), 1
3
).
So for A = 1
4
we have λiMAX < λ
f
MAX and λ
i
MIN < λ
f
MIN implies that
|Πi〉AB , |Πf 〉AB are incomparable.
Again for A ≤ 1
4
we see, λfMIN > λ
i
MIN . Thus if λ
f
MAX > λ
i
MAX
then the states |Πi〉AB , |Πf 〉AB are incomparable or if λfMAX < λiMAX
then E(|Πi〉AB) < E(|Πf〉AB).
Lastly if A ≥ 1
4
then λiMAX < λ
f
MAX . Incomparability between the
initial and final joint states |Πi〉AB , |Πf〉AB will hold if λiMIN < λfMIN .
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For this we get the condition that 2
√
A cos(2pi
3
+ θ) > −
√
3
2
. From equation
(A.1) we find, for real values of α and β, numerical results support that in
most of cases there is an incomparability between |Πi〉AB , |Πf〉AB.
13
